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SUMMARY 
A one-dimensional compress:~n system model that simulate6 the 
unsteady aerodynamics in the NASA ~ 8 5 - 1 3 / ~ ~ ~  (Planar Pressure Pulse 
Generator) test installation has been developed. In addition, the frequency 
response ckaracteristics of the test apparatus were evaluated using a 
linearized frequency analysis technique. This analysis aas performed in 
sspport of =electing instx mentation 'ocations to avoid standing wave nodes 
of the installation and thus, low signal levels. The feasibility of employing 
a set of explicit analytical surge criteria in evaluating the stability of an 
axial compressor was also investigated. 
The ~ 8 5 -  1 3 / ~ %  simulation program was developed by modifying an 
existing program known as the Dynamic Digital Blade Row Compressor 
System Stability Model (also called ATROSTAP). The capability of the model 
to handle unsteady flows was enhaxed by introducing an analytical expression 
for the unsteady-blade-lift force to cor xpute the blade force acting upon the 
fluid. The validity of the modified model was verified b y  comparing the 
simulation results with the test data for the FlOl F ~ ~ I P ~ G  - a test installa- 
tion similar to the 5 8 5 - 1 3 / ~ ~ ~ .  
Subsequent to the program validation, the model was run at 100% 
compressor design speed over the P ~ G  frequency range of 100 to 850 Hz to 
simulate the stationary operations of the ~ 8 5 - 1 3 ! ~ 3 ~ .  Pressure araveforms 
at various locations of the test installation were obtained to provide a direct 
comparison with future test data. Then. the model was throttled to surge at 
five different frequencies, i. e. 100, 150, 200, 250, and 500 Hz. and the 
inlet p l a ~ a r  wave distortion sensitivity of the 585-13 turbojet engine was 
determined as  a function of the P-;G frequency. 
The frequency response analysis of the ~ 8 5 - 1 3 1 ~ ~ ~  was performed for 
the frequencies ranging from 10 to 1000 Hz using a General Electric develop- 
ed linearized frequency analysis program. This analysis yielded the nodes 
and anti- nodes of the test installation as  a function of frequency. The 
resonance frequencies of the test apparatus were also identified from the 
analysis. 
The expiicit analytical surge criteria were derived from the linearized 
conservation equations (mass and momenhur,) based upon the Lyapunov 
first theorem of stability. The criteria were applied to two different cop- 
figurations, "Moss" and "Mehalic", of the 585-13 engine. They were found 
efidctive at 100% desiga speed. but were ineffective at lower speeds. This 
i s  believed mainly due to the boundary conditions whose validity is  weakened 
as the speed i s  lowered. Recommendations to improve the capability of the 
criteria are listed in the last 'section of this report. 
NASA Lewis Research Center i s  developing a test installation known 
as the ~ 8 5 -  1 3 / ~ % ,  Figure 1, for the purpose of investigating unsteady 6rero- 
dynamics in gas turbine engines. The apparatus includes a General Electric 
585-13 turbojet engine and a device known as  tho Planar Pressure Pulee 
Generator (P*). The P*, which was modelled after a similar device used 
earlier by General Electric (Reference l), was designed and fabricated by 
Battelle Calurnbus Laboratories. 
The function of the P ~ C  is to generate sinusoidally oscilhting flow over 
a wide range of frequencies and amplitudes. This is accomplished by 
modulating the flow area with a rotating disc and a stationary disc with mating 
holes in each. The frequency of the planar wave is varied by changing the 
rotor speed. The amplitude of the oscillation is varied by changing the 
rotor-to-stator spacing. When the 585- 13 engine is operated coupled with 
the p3G, the engine can be subjected to oscillating inlet riuws in which both 
the frequency and amplitude are independently variable over wide ranges. 
The 5 8 5 - 1 3 / ~ ~ ~  test is the f i ~ s t  of a series of expe=imental efforts 
planned at NASA Lewis Research Center. The objective of this test is to 
evaluate the unsteady aerodynamic responses of a multi - stage compressor, 
e. g . unsteady-operating -point excursion, compressor instability, etc., 
with oscillating inlet flow conditior.s, The 585-13 engine war selected for 
this test because of the extensive operational and analytical experience that 
NASA has obtaizc:! with the compressor. A large amount of data has been 
accamlated for bo?h tke performance and distortion sensitivity of the 585-13 
compressor (References 2 and 3). In addition, several computer models 
have been developed to simulate the unsteady as well as  the steady operations 
of the compressor (References 2, 3, and 4). 
The main objective of the effort discussed in this report was to develop 
a digital computer simulation code that i s  capable of modelling the unsteady 
behavior of a compressor subjected to the oscillating inlet flow generated 
by the P ~ G ,  This program will be utilized for the pretest predictions as  
well as for posttest analyses to aid in obtaining an understanding of the 
unsteady responses of the compressor. In addition, the frequency reaponse 
characteristics of the ~85-13 / P ~ C  test facility were s tdied in support of 
selecting instrument locations to avoid the stsnding wave nodes within the 
apparatus and thus :ow signal levels, The feasibility of employing explicit 
analytical expressions for surge prediction wras also investigated as part of 
this effort. A set of explicit surge criteria was developed as  a result of this 
study. These criteria are applicable only lo an isolated rotor although the 
inlet and exit rotor boundary conditions are  obtained from the simulation of a 
complete compression system including stators and free volumes, 

The ~8 5- 13 /P% simulation program was developed by modifying the 
Dynamic Digital Blade Row Compression System Stability Model (called 
AEROSTAP, Reference 5) developed by the General Electric Company. This 
program empbya a one-dimeneional, pitch line, blade row-by-blade row 
model to solve the three conservation equations with the proper thermo- 
dynamic relationships. These three governing equations (mass, momentum, 
and energy) are vritten in a volume-average form and the dynamic solution 
i s  obtained through a time-marching scheme. Derivation of the three govern- 
ing equations and the solution method employed in the AEROSTAP Program 
is  outlined in Sub- ction 3.1. The essence of the modifications to this pro- 
gram i s  the incorporation of an expression for the unsteady-blade lift force 
that is induced by the oscillating inlet flow produced by the P ~ G .  The 
expression employed to describe the unsteady-lift force of a cascade was 
derived from the unsteady-lift force that is applicable to an isolated thin 
airfoil subjected to gust loading (Reference 6). The derivation of this 
expression i s  presented in Subsection 3.3. 
The validity of employing the resultant expression for the unsteady- 
bladc-lift force for a cascade was verified by comparing the simulation 
results with experimental data obtained during a test similar to that proposed 
for the ~83-13 /p3G (Reference 7). This verification procedure and the 
results are discussed in Subsection 4.1. The modified AEROSTAP Program 
was then utilized to simulate the operations of the 5 8 5 - 1 3 1 ~ 3 ~  at vad.ous 
operating conditions. The results 0.C the simulation are presented also in 
Subsection 4.1. 
The frequency analysis of the 5 8 5 - 1 3 1 ~ ~ ~  test facility was performed 
using a digital frequenc; walysi s program known as the DSP (Digital Surge 
Prediction) program (Reference 4). In this program, the frequency response 
characteristics are evaluated by linearizing the three conservation equations 
and then determining tSe transfer b c t i o n  of the linearized system by means 
of Laplace transforms. These techniques which are discussed in detail in 
Reference 4 are outlined in Subsection 3.4. 
The analysis of the ftequency response characteristics of the 585-l3/ 
p3G was conducted by dividing the geometry into two regions; i. e,, the 
region b raa rd  of the P ~ G  and the region aft of the P?G including the 585-13 
engine. This analysis yielded the resonance frequencies of the two sections 
and their higher-order harmonics as well as the nodal points at various 
frequencies. These result8 are presented in Subsection 4.2. 
The explicit analytical stability criteria were derived based upon the 
Lyapunovls first theorem; the tkeorem states that a system of nonlinear 
equations i s  stable i f  the eigenvalues of the linearized version of the system 
have negative real parts. In this derivation, the eigenvalues of the linearized 
conservation equations are eramined by the Routh-Hurwitg criterion. At 
this point of devebpmant and for the ease of analysis, only the mass and 
momentum conservation equations are  employed; i. e. the flow through a 
compression system is aseuxnd hornentropic. The explicit stability 
criteria are derived in Subsection 3.5. A more detailed derivation of the 
aquatione ia given in Appendix A. Application of these criteria and a 
critique of the technique are found in Subsection 4.3. 
ANALYTICAL TECHNIQUES 
This section presents the analytical techniques used to develop the 
d~gi ta l  computer program that simulates the operation of the ~ 8 5 -  1 3 / ~ k  
test installation. A brief description of the techniques employed to investi- 
gate the 6equenc y response characteristics of the ~ 8 5 - 1 3  / P ~ G  apparatus is 
also presented. In additim, derivation of explicit analytical stability criteria 
for axial compressors is discussed. 
The J85 - 13 / P ~ G  simulation program was developed by modifying a 
version of the Dynamic Digital Blade Row Compression System Stability Model 
(called AEROSTAP, Reference 5) developed by the General Electric Company 
to simulate a test facility, known a s  the FlOI F ~ ~ I P ~ G ,  similar to that of the 
~ 8 5 -  13/P~G.  Reference 2 indicated that while this program adequately 
simulates most aspects of F l O l  F a n / p 3 ~  operations, the phase angles of the 
pressure waveforms computed a t  various locations in the test facility did not 
compare well with the test data. It was believed that this mismatch in phase 
angles is due to inadequate description of the unsteady behavior of the com- 
pressor blades under the oscillating inlet flow generated by the Planar 
Pressure Pulse Generator. Thus, a novel method of describing the unsteady 
behavior of the compressor cascade has been added to the AEROSTAP to 
enhance the accuracy of the simulation. 
Previously, the axial force acting on the fluid due to the compressor 
blades was computed via the tangential blade force which was obtained from 
the generalized Euler Turbine Equation. This approach has been utilized 
successfully for the simulation of steady a s  well a s  transient operations of 
various compressors. However, the expression for the tangential force does 
not permit accounting for the phase difference between the oscillating flow 
incident on the blade and the similarily oscillating blade force. Therefore, in 
the new approach, the axial blade force i s  corfiputed through the blade-lift 
force within which the phase difference can be easily included. 
The governing equations of motion that a re  in the form used in the 
AEROSTAP a re  derived in Subsection 3.1. The ancillary relations required 
to solve the governing equations and the solution technique a re  also presented 
in the subsection. Modelling of the P ~ G  which generates sinusoidally 
oscillating flow over a wide range of frequencies and amplitude is discussed 
in Subsection 3.2. 
The expression for the unsteady-blade-lift force is derived in Sub- 
section 3.3. This expression was derived from the unsteady-lift force that 
is applicable to an isolated thin airfoil subjected to gust loading. It was 
assumed that by introducing correction consrtants, the resultant relationship 
is valid also for a cascade. 
I'hs frequency analyris of the J S S - ~ ~ / P ~ G  test faality was conducted 
with the use of a frequency analysis program lrnown a s  the Digital Surge 
Prediction (DSP) program. The frequency raspoxme characteristics a r c  
evaluated by lineanzing the three conservation equations and subsequently 
determining the transfer tanction of the linearized system by meaxu of 
Laplace transforms. This program is also capable of determining the 
stability of an equilibrium solution of the three conservation equations by 
examining the eigenvaluee of the linearized systtm. NASA developed mb- 
routines are used in the DSP program for the evaluation of Laplace '.raas- 
form and for the inspection of the eigenvalues. This program which is 
discussed in detail in Reference 4 is briefly described in Subsection 3.4. 
In Subsection 3.5, the explicit analytical criteria a re  derived based 
upon the Poincard - tyapunov stability theory. There criteria check the 
stability of an equilibrium rolution of the three governing equations by 
examining the eigenvalues of the linearized conservation equations by the 
Routh-Hurwitz criteria. These stability criteria a r e  applied to each rotor 
volume of a compressor. It is assumed that the operation of the compressor 
i s  unstable i f  the sign of the real part of the eigenvalues associated with one 
or more of the rotor volumes changed from negative to positive. 
3.1 ANALYTICAL TECHNIQUE FOR THE SIMULATION OF COMPRESSION 
SYSTEM 
In this subsection, the equations of change which describe the motion 
of the compressible fluid flowing through a compression system are derived. 
They are written in volume-averaged form in aermr of the nomenclature 
given in Pages x i i i through x i v. In addition, the auxillar y relationships used 
in the cons~rvation equations are  also derived. 
The three conservation equations, mass, momentum, and energy, are 
solved by a technique known as  the time-marching scheme. This technique 
which is discussed in detail in Reference 3 is  outlined in Subsection 3, 1.2. 
Governinp: Equations 
The equations of motion are derived for an arbitrary volume, Vk, with 
the inlet area, Ai, the exit area, Ai  + 1, and the volume length, Lk, a s  shown 
in Figure 2. The macroscopic balances of mass, momentum, and energy 
for this volume for quasi one-dimensional flow yield the following equations: 
Continuity: 
- 
Energy: 
Figure 2. Quasi One -Dimensional Volume. 
where the quantities with the bar " - 'I are defined by the following relation- 
ship. 
This set of the conservation equations provides an exact description of 
the quasi one-dimensional flow through an arbitrary volume. Note that the 
only assumption applied in the derivation of these equations is that the flow is 
one-dimensional. All the boundary effects such as the wall friction loss and 
heat transfer can be included in the right-hand side of the momentam and 
energy equation through Zfi and SF. However, i t  should be noted that these 
boundary effects are  not included in the solution since their orders of 
magnitude are much smaller than other terms in the conservation equations. 
In order to obtain a solution of the three conservation equations, it is 
necessary to supply the ideal gas equation of state, the caloric equations of 
state and e q r e -  . ns for ZQ and SF. 
The force ..,:us, CFk, in Equation 2 represents the force exerted on 
the fluid by all the solid surfaces such as  the end walls and blades. As stated 
previously, the wal l  friction is neglected in this analysis. Then, the force 
term can be expressed as 
x~~ = JP~A + F, 
lat er'al 
area 
where U- i s  the differential area vector and F is the axial-direction force 
acting on the fluid due to the compressor blade%. 
The lateral surface pressure integral can be evaluated by 
L 
JP- = SP~A 
lateral 1 
area 
Lntroduction of the definition of a mean pressure 
enables one to rewrite Equation 6 ae 
area 
Three differeot expressions for PM a re  given in References 1 and 4; 1) a 
polynomial repre sentation developed from the isentropic relations for blade - 
free volumes 
2) an empirical relationship for blade-free volumes 
where C = C l(A2 - li1)/Al + C2 (11) 
C C2 = empirical constants 
and 3) an empirical correlation for bladed volumes 
where PH is the higher of the values of the inlet or exit static pressure and 
PL i s  the lower of the two. The empirical correlation for blade-free 
volumes was developed by examining the behavior of the mean pressure in 
the blade-free volumes of the 585-13 engine. The correlation for bladed 
volumes was derived from the observation of PM in bladed volumes of 
various General Electric compressors where there were no losses. This 
empirical relationship is assumed to be equally valid when blade losses a r e  
present. 
The other term in the sum of the surface forces is the axial force, F,, 
exerted by the blade. This force can be determined from the various force 
components depicted in the following sketch. 
Figure 3. Componentr of Blade Forcer. 
Examination of the force vectors in the sketch shows that 
F = F tan& 
- FDz z 'I 
where FT is the tangential force at  the pitch line and F D ~  i s  the axial 
component of the blade drag force acting upon the fluid. The lift direction 
angle, &, in the expression of F, i s  given by the following equation. 
B,= ( B ,  +q)/z + ec (1 4) 
ahare 4 = 8: + i (1 5) 
PC : lift cor r action angle 
0;. B ' :  metal angle. at the inlet and exit rempectively 
The tangential force, FT, can be obtained from the generalized Euier 
Turbine Equation and is written a s  
where rl  and r2 are  the pitch line radii at  the inlet and exit of the blade row, 
respectively. The second term in Equation 17 represents the taugential 
force due to the storage of angular momentum within a blade row volume. 
The drag force acts perpendicular to the l i f t  force at  an angle of 6, 
from the axial direction. Thus, the axial component of the drag force, FD,, 
can- be written as 
where 
The prime ( I )  symbol indicates that the quantities a re  evaluated ~ 4 t h  respect 
to the relative velocity frame of reference. The area, A16 , is the flow area 
perpendicular to the direction of the inlet relative air  angle, The 
relative total -pressure loss coefficient, to; i s  defined by the equation. 
The values of o' are  evaluated from the experimental data that a re  correlated 
as  a polynomial function of tan i. 
The term SF in Equation 3 i s  known as  the internal entropy generation 
term in the absence of the heat transfer at  the boundaries. This term can be 
expressed as 
The ideal total-prersure ratio can be written (Reference 8 ) as  
t 
where Mt = 2nNr2/atl 
and i s  the inlet speed of sound evaluated with the relative total 
temperature. The expresslqn for the actual total-preslure ratio can be 
obtained by rearrangement of Equation 20 and substitution of the irentropic 
relation for total pressure and static pressure as 
For more detailed derivatio- of the governing equations and t'aeir 
ancillary relationships, readers sb Id consult Reference 3. 
3.2.2 Solution Technique 
The technique employed in solving the governing equations, Equations 1 
through 3, i s  known a s  the time marching scheme. This technique is based 
upon a Taylor series expansion of the volume-averaged flow properties at 
time, t, to predict the flow properties at time, t + At. The time derivatives 
of volume-averaged properties that are  used in the Taylor series are  
obtained from the properties at the inlet or exit station of a vo:,.une. A 
suitable interpolation scheme should be selected to assure the numerical 
stability of the solution technique. Reference 3 gives a detailed account and 
a critique of various interpolation schemes; thus, they are not discussed here. 
Once the volume -averaged properties and their time derivatives are  
o1 cained, a Taylor expansion of the variables, F, *, and is straight 
f-*.ward. This expansion i s  illustrated for one variable, nemely, the 
volume-averaged density. The Taylor series for ij correct to second order 
can be written as 
2 
a t  I ~ ( t )  ~t 
act + At) = ~ ( t )  + ,, at + 
a t 2 
where @(t) i s  established by the initial conditions or  & , vious time rtep 
and 
Exarnination of Equation 27 reveals that the right-hand side is cornpored of 
derivatives of station properties, W1 and W2. Theee derivatives a re  
evaluated from the momentum equation through an interpolation scheme since 
Equation 2 provides only the volume -aver aged derivative. Substitution of 
Equations 25 and 27 into Equation 25 permits one to evaluate the wlume- 
averaged density correct to second orde- at the next time increment. 
Sixriilarily, thiz technique can be used for the remaining two variables, % and 
x, and can be continued from one time step to the nzxt for the desired 
number of time stepa. 
This computational technique i s  illustrated in Figure 4 in block 2iagrarn 
format. For more detailed discussion of the solution technique, readers 
should consult Reference 3. 
3.2 Modelling of Planar Pressure Pulse Generator 
The function of the Planar Pressure Pulse Genzrator (p3G) i s  to 
generate a sinusoidally oscillating flow over. a wide range of frequencies and 
amplitudes. This i s  accomplished by modulating the flow area with a 
rotating disc and a stationary disc with mating holes in each. The air flow is 
induced by the compressor downstream of the P ~ G .  The frequency or the 
planar wave i s  varied by changing the rotor speed while the amplitude of the 
oscillation i s  varied by changing the rotor-to-stator spacing. The change in 
the rotor-to-stator spacing alters the effective flow area and, thus, varies 
the amplitude of the oscillation. 
The P ~ G  area i s  essentialiy choked at  all times and the total pressure 
lose results mainly from shock losses a s  the super sonic stream immediately 
after the P ~ G  adjusts to higher pressure further downstream. Some viscous 
losses are  present due to mixing of the air streams from adjacent holes in the 
stator. However, for the flew rates and plsnar wave amplitude *f intere.,t, 
the shock losses are  predominent; therefore, the viscous losses 2 neglected 
in this model. 
The P ~ G  model approximates the aerodynamics of the actual operation 
as  follows: A steady-state condition satisfying the mean condition6 of the 
3 P G operation is established using the mean steady- state total-pressure 
recovery across the p3G as  measnred during the test. This enables one to 
compute an effective choked area at the P'G from the flow function 
I 
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4. Dynamic Model Blodc Diagram- 
where A is the choked area. The Row fapction and the total temperature 
acmes the F ~ G  remains conetaat. This mean area becomes the base for the 
amplitude of the area fluctuation, The amplitude is controlled by tbe para- 
meter "amp" as ihs t ra ted  in the following equation. 
This choked area can be related to the upstream duct K / A  duct a d  provides 
the exit boundary condition to the P ~ G .  
As much of the existing Genera? Electric Dynamic Digital Blade Row 
Compression Component Stability Model logic was utilized os possible, and 
the P ~ G  model was co~structed as  a subroutine to the main program. For 
further information concerning the modelling and operation of the P ~ G  the 
readers should consult References 1 and 7. 
3.3 Blade Lift Force 
In Subsection 3.1, the axial-direction blade force, F,, was expressed 
in terms of the tangential forces, FT, and the axial component of the drag 
force, FD~. .4s stated previously, this approach of computing F, was highly 
successful in simulating transient a s  well as steady-state aperatioas of axial 
compressors under various operating conditions. However, d e n  a large 
amplitude oscillation such as  the planar pressure wave generated by the 
P ~ G  i = preaent at the inlet, this method cannot satisfactorily describe the 
freqqlency response, namely tke phase angle, of the compressor (Reference 7). 
Therefore, a new method of computing FZ has been added to the AEROSTAP 
program to imprcve the frequency response of the simulation. This new 
technique calculates the axial-directicn blade force through the blade lift 
force, FL, instead of the tangential force, FT; the drag force, ED, i s  
evaluated in the same manner as described before, From the force compon- 
ent diagram depicted in Figure 3, the new relationship can be derived as  
The expression for the unsteady-blade-lift force, FL, was derived 
from the lift force applicable to a thin airfoil subjected to sinusoidal vertical 
gust. That is: First, the unsteady lift force for the thin airfoil i s  ~btained 
by considering the lift force due only to the gust loading. it i s  assumed that 
the airfoil i n  placed initially in a uniform in,ompresdble velocity field of U 
without any angle of attack. Nurt, the uniform veloaty field is tilted slightly 
to give a steady-state lift  force to the airfoil. This is intended to approri- 
mate the flow over a compremsor blade. The total lift force acting on the 
fluid by the airioil is then obtained by atlperposing the unateady lift farce 
determined previously on the steady lift force. S U ~ ~ ~ W I I ~ ~ Y ,  this exprammaon 
for .the total lift force i s  applied to a cascade by introducing two correction 
factors. These factors account for the cascade effect, profile shape and 
camber, profile drag and compressibility. 
For a thin airfoil, Figure 5, encountering a sirmsoidally oscilLating 
vertical gust of WG = eGdmt  in an otherwise uniform stream of U, 
Reference 6 expresses the unsteady lift  force due only to the gust loading as  
Figure 5. Thin Airfoil Under Siauaoidal Vertical 
Gust. Initial Angle of Attack i s  Zero. 
where the Theodorsen fanction. C (K), i s  defined by 
C (K) F (K) + jG (K) 
( 2 )  
Hn (n = 0 , l )  in the right-hand side cf Quation 32 is the Hankel function of 
the second kind which is a combination of Bessel functions of the first and 
second kinds: 
The complex argument, K, is given as 
For constant amplitude oscillations, however, pis zero and K i s  expressed 
simply as 
Sub stitution of the Theodorsen function into Equation 31 and rearrange- 
ment gives 
F = T P U ~ $ ,  (A + jB) e j o t  
L* dyn 
where 
A = F (K) Jo (K) + G (K) J1 (K) 
This expression for the unsteady lift force can be rewritten with the aid of a 
trigometric relation as 
Jm jjo je , 8 = Mn-L(B /A) 
F ~ ,  DYN =wubGG A + B e (39) 
Examination of Figure 5 reveals that if G(;<<U, the time-dependent 
angle of attack, a ~ ,  can be expressed as 
Substitution of this angular relationship into Equation 39 yields 
Note that the bracketed term in the right-hand dde  of the above expression 
is equivalent to the steady-state lift force except that the angle of attack, a ~ ,  
varies sinusoidally with time. The term. + B~ accounts for the change 
in the amplitude of the lift force due to the transient effect. The phase 
difference between the gust velocity fluctuation and the lift force oscillation 
is represented by the unit vector, e 9 .  
A similar derivation can be applied to the case where a steady-state 
lift force exists prior to the introduction of gust loading. The steady-state 
lift force i s  induced by giving the airfoil an initial angle of attack, ass. 
Figure 6. 
Figure 6. Thin Airfoil Under Sinusoidal Vertical 
Gust, Initial Angle of Attack i s  ass. 
Under the flow conditions illustrated in the above sketch, the total lift force 
can be obtained by superposiug the unsteady lift force due to a gust on the 
steady-state lift force, Reference 6, i. e. 
where 
It is assumed that a,, is small. Since a~ is also assumed to be small, the 
dynamic lift force represented by Equation 41 is  equally valid for this case. 
Thus, the total lift force, FL, becomes 
Now, this expression is applied to a compressor blade by introducing 
taro. correction factors, K1 and K2, and replacing a~ by the incidence angle 
fluctuation. I = dot. That is 
-1 KIB 
where d = t a n  (TI 
As stated previously, K1 and Kt provide corrections for the cascade effect, 
profile shape and camber, profile drag and compressibility. 
The ateady-date lift forces 
for the compressor blades are computed in the AEROSTAP proqram with the 
proper K2 for each blade. The steady-state-lift force for each blade at a 
given corrected speed was computed and represented as a polynomial 
function of tan i where i is the incidence angle. In order to utilize these 
polynomials, Equation 45 is rearranged as 
This expression can be rewritten by substituting the relationship 
ej* =coat$ + j sin4 where cb = ot + 8 
Equation 49 represents the final expression for the unsteady-blade-lift 
force. Note that the dynamic portion of the lift force is composed of real and 
imaginary parts. Use of the real or imaginary part in the actual computation 
depends upon the oscillatory mode of I = biejat. If the incidemcs angle 
fluctuates as  a sine wave, the imaginary term i s  used without j; while real 
part i s  utilized if 1 changes as a cosine wave. 
Evaluation of A and B in Equation 49 with a digital computer is difficult 
since Hankel and Bessel functions are not readily available a s  a library 
functions. Consequently, the hc t ions ,  F (K) and G (IS), Figures 7 and 8, a s  
well as the first and second order Bessel fnnctions of the first kind are 
curve-fitted by polynomials and included in AEROSTAP as a subroutine. The 
amplitude of the incidence angle fluctuation, m, i s  computed from that of 
the mass flow oscillation produced by the P%, 
Finally, it should be noted that the correction factor, K1 was evaluated 
by comparing the simulation results with the test data of the F l O l  F ~ ~ / P S G  
installation. As will be shown later, K1 was found to be very close to unity. 
3.4 FREQUENCY RESPONSE ANALYSIS TECHNIQUE 
The frequency analysis technique employed in the Digital Surge Pre- 
diction (DSP) program is essentially a Laplace transfer analysis of a set of 
linear equations. 
where i = 1, 2, 3, ----- a 3K 
j = 1, 2, 3, ----- a 3K 
n = 1, 2, 3, - - -0 -  , I., 
m= 1, 2, 3, ----- s p 
K: Number of model volumes 
T-: Number of forcing function variables 
P: Number of output variables 


Equation 50 describes the sensitivity of the perturbations, xi ,  of the 
independent variables about a .  equilibrium solution to the forcing function, 
Bin Un. This equation is obtained by linearizing the three conservation 
equations written in vector form as  
and adding the forcing function, Bin Up. Note that the conservation equations 
a r e  applied to all the volumes md the volume-averaged density, mass flow 
rate and entropy for all  the volumes are  taken as  independent variables. 
Therefore, there are  3K equations for 3K independent variables. Lineari- 
zation of Equation 52 about an equilibrium solution, yei, yields 
Introduction of a matrix 
af 
A..  = - 
J ayk 
and the definition of the perturbation about y 
ei 
into Equation 53 gives 
Now, addition of the forcing function, Bin Un, to this relationship yields 
Equation 50. The forcing function i s  formulated from the inlet and exit 
boundary conditions or any other conditions imposed within the model. 
Equation 51 represents the output response in terms of a linear corn- 
bination of the perturbations. The vector, Rrn i s  the output variables such 
a s  the pressures, mass flow rates, etc. at various locations in the model. 
The matrix, C,i expresses the linear relationship between the output 
variables and the perturbation variables. 
The Laplace transform equivalents of the system represented by 
Equations 50 and 51 a r e  
where s is the Laplace variable. These tcRo equations can be combined and 
rearranged in transfer function form a s  
where I.. i s  the unity matrix. 
1J 
Equation 59 forms the basis for the frequency response analysis. Eval- 
uation of this relationship with a digital computer is, however, not desirable 
since i t  involves the inversion of a matrix that contains a free parameter. 
Therefore, each element of *he transfer function i s  evaluated separately in 
the DSP program. That is, the transfer function between the K-th element 
of Rm and 1-th element of U 
n 
L { R , ~  det (Wi.) 
'm~= det (s1.l - A. .) 
1J 11 
for the desired combination of m and n are  computed individually. The. 
mat .ix, W i- i s  a Wronskian Matrix whose derivation i s  explained in detai! in 
Reference d. 
The determinants in the transfer function represented by Equation 60 
are  each polynomials in s. Therefore, the frequency response it, numerically 
evaluated by substitution s = jo into these polynomials where o i s  a given 
frequency and j is the imaginary number, 
3.5 EXPLICIT AN "LY TICAL SURGE C R I T E R I A  
One of the important parameters in the design and operation of gas tur- 
bine engines i s  surge margin. If a gas turbine engine i s  operated in the 
compressor stall region, not only i s  the engine performance adversely 
affected, but also the engine life deteriorates due to high mechanical 
stresses and high temperatures. Thus, the normal operating line i s  selected 
below the surge line with proper allowances for the external as well a s  the 
internal destabilizing effects such a s  inlet distortion, power transients, 
thermal acceleration transient, manufacturing tolerances, etc. However, 
lowering oL the operating point from the surge limit usually results in 
decreasing the pressure ratio and efficiency of the engine. Therefore, the 
necessity of determining the exact stall line and subsequently, the proper 
surge margin that assures efficient and successful steady or  transient 
engine operation is evident. 
Stall lines for compressors have been determined usually through 
engine tests. However, this process is costly and time consuming. Conse- 
quently, there i s  a need to obtain stall lines analytically. In recognition of 
this need, the General Electric Company has developed two itdependent 
techni~ues for estimating compressor stability limits. These two analytical 
methods are  discussed briefly below. 
The first method utilizes the time-dependent solution of the General 
Electric developed Aerodynamic Stability Analysis Program (AERDSTAP, 
see Subsection 3.2). This method determines the stability limits by 
examining two time-dependent parameters (Reference 3), i. e. , 1) The 
amplification factor, (d* Idt) rotor / ( d ~  ~ d t ) , ~ ~  and 2) The mass flow ratio, 
(W21W1) rotor* 
The first parameter represents the ratio between the time-rate change 
of mass flow rate of a rotor and that of the exit volume of the model. It was 
observed that the amplification factor becomes greater than two in all the 
rotor volumes at the experimentally determined stability limit. The second 
parameter is the ratio of the exit mass flow rate to the inlet mass flow rate 
of a rotor volume. At the experimental surge limits, this ratio for one or 
more rotors deviates from unity by more than 0.00004. This means that a 
compressor system becomes unstable i f  more than 0.004% of the inlet flow i s  
stored or depleted from any of the rotor volumes. 
These two stability criteria based on the time-dependent soluticn of the 
AEROSTAP simultaneously indicate inate-bility a t  the experimental surge 
limits. Therefore, they are  used in support of each other. 
The second method of predicting stall line utilizes the steady-state 
solution or  a quasi-steady-state equilibrium solution of the AEROSTAP. This 
technique i s  based on the Poincari - Lyapunov theory of stability. This 
theory states that an equilibrium solution of any nonlinear system of the form. 
is asymptotically stable whenevar the linearieed system 
is completely stable. The partial derivatives ir? Equation 62 a r e  evaluated 
with the equilibrium solution, ylk, (K = 1, 2,. .. . . , n). The linear system 
represented by Equation 61 i s  completely stable i f  and caly if all  the roots, 
A , of the characteristic equation 
where 6 i k = l i f  i = K  
have negative real parts. 
Based on this principle, the three conservation equations express in 
volume-averaged form (see Subsection 3.2) a r e  linearized to obtain the 
square matrix. af i / a n r  (i, K = 1. 2,. . . . . , n), v .  here n i s  equal to 3 x 
number of volumes. Then the eigc-values of this matrix are examined by 
the Routh-Hurwitz criterion to determine the stability of the solution of the 
conservation equations. One or more of the e~genvalues will have a :>ositive 
real part at  the stability limit. 
The two methods described thus far have been utilized euccessfr~ly in 
computing the stability limits of various General Electric manufactured gar 
turbit.8 engines (References 3, 4, and 7j. The results show an excellent 
agreement between the computed stability limits and thr experirr1enta:ly 
determined surge lines. 
At the present time, these two metl~ods provide adequate estimates of 
the surge limits. However, these techniques are  tedious and costly; the 
first method requires a slow quasi-steady-state throttling almg a speed line 
and the Wter technique reqvires evaluation of a large size matrix and i ts  
characteristic equation. Therefore, there i s  a need to develop a new tech- 
nique that i s  simple and less expensive. Further, it is desirable to possess 
a techniq-se that can readily show the relationships between the occurrence of 
the instabihty and the aerodynamic and geor ,etric characteristics of a com- 
pressor. In recognition of these needs, explicit ar~alytical stability criteria 
for the evaluation of the surge limits were derived. 
This new technique, demcribd hereinafter, is aleo derived from the 
Poincari - Lyapanov theory of U l t t y .  However, thir mathod differ8 ed- 
ficaatly from the previously dercribed method in the fact that the d i l j t y  is 
accessed for individual rokrs ;  whereas the previoao method evaluates the 
stability of a compressor as a whole. Further, for the eem of analysis, the 
flow through the compression system is assumed h-ntropic. 
For the hornentropic flow of a compressible fluid in a rotor volume, 
Figure 9, the governing equations can be written, in  volume-averaged hrm, 
88 
; 
where 2 PM z - 5 -  PI +T P2 
The boundary conditioas are 
Ptl. Ttl = const. (at inlet) (67) 
= const. (at exit) 
P2 
These boundary conditions are  based on the assumption that any smali per- 
turbationr in the rotor volume under consideration cannot propagate into the 
adjacent rotor volumes due to an abrupt change in acoustic impedence 
between rotors. This assumption is quite valid at high speeds; however, its 
validity i s  weakened as  the operating speed is lowered. 
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Derivation of the partial derivatives. EQPations 70 through 73, &FB/aP; 
and I aW *, is given in Appendix A. 
According to the Poincari - Lyapunov stability theory, the solution for 
the simultaneous differential equations, Equations 64 a d  65, are stable if 
all the eigenvalues of the matrix. Equation 69, have negative real parts. The 
characteristic equation of this matrix is 
afI  a2 "1 
+(- --- af 2 -I= 0 
ap1 aw, aw2 dpl (74) 
The Routh-Nurwite criterion states that the roots, A, of this equation have 
negative real parts i f  all the coefiicients of this polynomial are  positive. 
Therefore, the stability criteria are expressed as 
These two inequalities are the final expressions for the stability criteria 
and can be evaluated with the substitution of partial derivatives given in 
Appendix A. Application of these criteria to a stability evaluation of the 
565-13 "Mehalic" and "Moss" engines and the results are discussed in Sub- 
section 4.3. A critique of the method i s  also presented. 
PRESENTATION OF RESULTS 
T&is seetion presents the results of 'Se analysis performed using the 
analytical techniqcas outlined in the previous section. First, the results of 
the ~ 8 5 - 1 3 / ~ %  simulations are discussed in Subsection 4.1. This subsection 
includes a description of the digital model of the 385- 1 3 1 ~ k  test apparatus, 
validation of the simulation program, time-dependent analysis of the test 
installation and an estimate of the stability k n i t  of the J85 compressor with 
inlet planar wave distortion. Second, the frequency analysis of the test 
apparatus is de3cribed in Subsection 4.2. Iterne discussed in thir subsection 
are tbe amplitude transmiseion and the nodal analysis of the system model. 
Finally, the results obtained by applying the explicit analytical stability 
criteria to two different configurations of the J85 compressor are presented 
in Subsectioo 4.3 along with a critique of the criteria. 
J S S - 1 3 1 ~ ~ ~  SIMULATION 
The model geometry, the procedure for operating the model, and 
verification of the madel capabilities are discussed in the following para- 
graphs as are the results of time-dependent simulation of the ~ 8 5 - 1 3 1 ~ 3 ~  
operation and surge line estimations. 
Geometry and Operating Procedures of the ~ 8 5 -  1 3 / ~ 3 ~  Model 
The geometry of the ~ 8 5 -  13 / P ~ G  test installation simulated by the 
digital model was shown previously in Figure 1. The entire setup from the 
bellmouth entrance to the combustor exit i s  modelled by 79 volumes. Table 1 
defines the individual characteristics of these 79 volumes. The area distri- 
bution of the test apparatus as used in this simulation is shown in Figures 10 
and 11. Note that the wlume representing the plenum (Volume 1) and the 
first five volumes of the bellmouth (Volumes 2 through 6) were replaced by 
smaller constant area volumes, denoted by the dotted line in Figure 10. 
This was necessary since the large areas as  well as the large area gradients 
in this region caused numerical instability in the AEROSTAP program. 
The physical characteristics of the compressor geometry, i. e., metal 
angles, pitch-line radii, areas and soli'dities, are defined in Table 1 for each 
blade row. 
The locations of the instrumentation are shown in Table 1. Instru- 
mentation locations that will be used during the 3 8 5 - 1 3 1 ~ ~ ~  test are 
duplicated in the model to provide a direct comparison between the model 
results and the Euture test data. The parameters chosen for this comparison 
are defined in Table 2. 
Station 
Volume Deecription Number 
Bellmouth Exit, Plane 0.0 
Table 1. .System Geometry 
Area (In.2) 
Instrumentation Physical Blockage 
16286.00 1.0 
2827.43 1.0 
2135.50 1.0 
1851.42 1.0 
1659.74 1.0 
1397.08 1.0 
1219.22 1.0 
1090.73 1.0 
995.72 1.0 
925.52 1.0 
874.90 1.0 
840.64 1.0 
PTBME, PSBME 
820.82 1.0 
814.33 1.0 
814.33 1.0 
814.33 1.0 
PSFPI 
814.33 1.0 
Effecti 
16286, 
2827. 
2135.. 
1851. 
1659. 
1397, 
1219. 
1090, 
99 5. 
925. 
874. 
840. 
820. 
814. 
814. 
814 
814 
8e 1. -System Geometry 
~ o ~ u m e  4; S: 
Effective RR (In.) Number (Deg- ) {Dm* 
Area (1-2) 
Physical Blockage 
Length 
. Solidity 
Station 
Volume Description Number Instrumentation 
Area (h2) 
Physical Blockage 
Duct Ahead of P ~ G  
Duct Ahead of P* 
PRECEDING NOAGE -I( 
Area (I%*) 
Physical Blockage 
Volume a" 
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192.54 
192.54 
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187.96 
187.96 
187.96 
187.96 
187.11 
Solidity 
Station 
Volume Deecriation Number Instrument ation 
Free Volume 
R1 
S1 
R2 
52 
R3 
S3 
R4 
S4 
R5 
S5 
R6 
S6 
R? 
S? 
R8 
S8 
OGV 
Area (kL) 
Effec Fhyeical Blockage , 
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Area (heL) 
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Effective RR (In. ) Number (Deg. ) (Deg. 1 (1n. ) Solidity 
Volume Description 
Compressor Discharge 
Combustor Inlet 
Combustor Volume 
Station 
Number Instrumentation 
Area (ha2) 
Physical Blockage Effectt 
-. 
51.01 0.97 49. 
Physical 
51.01 
65.19 
124.66 
182.53 
189.10 
189.10 
184.83 
94.87 
97.95 
Area (1a2) 
Blockage 
0.97 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
Effective 
49.48 
65.19 
124.66 
182.53 
189.10 
189.10 
184.83 
94.87 
97.95 
Volume * 
RR (In.) Number (Deg.) 
-
Length 
m 
1.0 
2.0 
2.0 
2.0 
2.0 
2.0 
1.5 
1.0 
Solidity 
- 9  
-- 
0 -  
- 0  
- 0  
-- 
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PTBME 
PSaME 
PSFP I 
PSFPZ 
PSFP3 
PSFP4 
PSFPS 
PSFP6 
PTFP6 
PSAP 1 
PTAPl 
PSAP2 
PTIGV 
WIIGV 
PSAC? 
PR -0A 
Table 2. ~ 8 5 -  13 / P ~ G  Instrumentation Location 
Location Reference Plane 
- 7.0" 
- 7.0" 
+ 12.1': 
+ 21.6" 
+ 3s. 5" 
+ 51.7" 
+ 59.5" 
+ 82.8" 
+ 82.8" 
- 14. 0" 
- 14.0" 
0.0" 
5.3" 
+ 5.3" 
+ 19.2" 
Over-all Pressure  Ratio 
Plane 0.0 
Plane 0.0 
Plane 0.0 
Plane 0.0 
Plane 0.0 
Plane 0.0 
Plane 0.0 
Plane 0.0 
Plane 0.0 
Plane 2.0 
Plane 2.0 
Plane 2.0 
Plane 2.0 
Plane 2.0 
Plane 2.0 
a) First  two characters PT,  PS and WI stand for total pressure,  
static preasure and physical mass Pow rate, respectively. 
b) - and + denote upstream and downstream from the reference 
plane, respectively. 
Table 3. F 101 F ~ ~ I P ~ G  Instrumentation Location 
Name 
-
P ~ G P S  
AXP53 
PTIGV 
PSI4 
FDPSC 
Description 
Static pressure at  the P ~ G  strut 
Static presstrre at the fan inlet 
Total pressurc at  the inlet guide vane 
Static pressure at the fan exit 
Static pressure at the splitter 
The performance characteristics of the eight stage compressor are  
represented in the form of blade row relative total-pressure loss coefticients, 
,I, and de-Gation anglee, 6, a s  a function of incidence angle, tan i. In these 
representations, all loseerr a re  assigned to the rotor and it is assumed that 
only losslees turning of flow occurs in the stators, The lost3 coefficiente and 
daviation angles of the 585 compressor are discussed in detail in Reference 3, 
The blade characteristics, a' and 6, represent blade-row performance 
up to the steady-state surge line, However, due to the large amplitude 
planar waves that are to be imposed on the compression system, the incidence 
angles encountered during model operation may instantaneously exceed the 
steady-state surge line. Therefore, an extrapolation technique is employed 
to extend the blade characteristics into the post steady-state surge regime. 
A detailed discussion of this extrapolation i s  also given in Reference 3, 
The system model is  subject to two boundary conditions; i, e. , constant 
total-pressure and total-temperature condition at the bellrnouth inlet and 
constant flow function at the combustor exit. In an actual engine test, the 
entire test setup or the bellrnouth i s  placod in a large plenum. Usually. the 
total pressure and total temperature of the plenum are not affected by the 
operation of the engine. Therefore, in the digital model, a plenum volume 
i s  added in front of the bellrnouth and the constant total-pressure and 
total-temperature condition i s  employed as the boundary condition. During 
the actual operation of a gas turbine engine. the turbine diaphragm is  choked 
due to high pressure and high temperature of the combustor gas. This 
choked condition i s  simulated by assigning the constant flow function boundary 
condition to the combustor exit plane. 
The method of simulating tht dynamic events of the J S S - ~ ~ / P ~ G  with
the model is  very similar to the actual test procedure used for F ~ o ~ - F ~ ~ / P ~ G  
test, Reference 7. The test procedure was as  follows: First, the compres- 
sion component was brought to steady-state operation at a low operating point 
on a chosen speed line. Then, the P ~ G  was actuated with the rotor-to-stator 
(RTS) spacing at its maximum. This was done to maintain the minimum 
amplitude of the planar wave while the P ~ G  accelerates to a desired rotational 
speed (frequency). After the P ~ C  had attained the desired frequency. the RTS 
spacing was decreased to increase the planar wave amplitude to a desired 
value. Similarily, the model enters the computation at the chosen operating 
point on a speed line and simubtes the steady operation at this point for a 
period of time. This process is/caUed "settling", Then, a frequency is  
assigned to the p3G and the amplitude of the planar wave i s  increased 
gradually by increasing the amplitude of the choked area fluctuation (see 
Subsection 3.2). This process is called "ramping". After the ramping, the 
model can be run with the chosen frequency and amplitude of the planar wave 
in a stationary manner and subsequently, throttled to an instability point. 
After the ~ 8 5 - 1 3 / ~ ~ ~  model geometry and the model operation scheme 
were established, the newly modified AEROGTAP was run with the F l O l  Fan/ 
P ~ G  geometry ar well as with the ~ 8 5 - 1 3 / ~ %  geometry for the purpose of 
validating the computer program. These validation runs and the results are 
discussed in the following subsection. 
4.1.2 Program Verification 
Vez ification of the program capabilities was accomplished in a threefold 
manner: 1) Evaluation of oae of the correction factors used in the expression 
for the unsteady-blade-lift force, 2) Verification of the validity of employing 
the lift force in describing the aerdynamic behsvior of compressor blades. 
and 3) Assessment of the numerical stability of the AEROSTAP program 
when it i s  run with the LSS-?~/P~G geometry. 
As shown in Subsection 3.3, the expression for the unsteady-blade-lift 
force contains two correction factors. K1 a d  K2. These factors correct the 
expression for the cascade effect. compressibility, profile shape and camber, 
profile drag, etc. The first correction factor, K1, provides an adjustment to 
the phase angle of the dynamic portion of the lift force while K2 provides 
corrections to the steady-state lift force as well as to the amplitude of the 
dynamic lift force. 
As stated in Subsection 3.3, KZ i s  accounted for when the steady-state 
lift force is  computed within t3e AEROSTAP program. This is accompiished 
through the lift direction correction angle. PC, Reference 3. The values of 
PC are determined experimentally from compressor performance data. 
Therefore. cnly K1 is evaluated in this study. 
The phase difference between the oscillating incidence angle and blade 
lift force was defined in Subsection 3.3. 
- 1 P = tan (K1 A!B) ( 7 7 )  
A and B in the above relationship are given in terms of t!e zeroth and first 
order Bessel functions of t!e first and second kinds and are plotted as a 
function of K = ob/ZU in Figures 12 and 13, respectively. The values of 8 for 
KI = 1 are plotted in Figure 14 also as a function of K. 
In order to determine the correction factor, K1 experimentally, it is  
necessary to obtain the phase angle, 8, from test data. Howevsr, evaluation 
of 8 is  extremely difficult, if not impossible, at this point since there i s  no 
reliable means of deducing the lift force from the F101 F ~ ~ / P ~ G  test data; 
however, the incidence angle can be compted readily from the experimental 



data. Therefore, evaluation of K1 was attempted through a comparison of 
the pressure waveforms obtained during the FlOl F ~ ~ / P ~ G  test with those 
simulated with K1 a s  an independent variable. The experimental as well a s  
the theoretical waveforms were obtained at five different locations in the 
FlOl Fan/p?G test installation (Figure 15). These locations a r e  defined in 
Table 3. 
Operation of the FlOl F ~ ~ I P ~ G  with a P ~ G  frequency of 118 Hz and an 
IGV total-pressure oscillation of 15% peak-to-peak about the mean pressure 
were simulated for the K1 wlues ranging from 0.5 to I. 5 in increments of 
0.1. The average corrected mass flow rate and total-pressure ration across 
the fan were 151.8 Kglsec (334.6 lbm/sec) and 2.243, respectively. The 
pressure waveforms computed at the five different locations were compared 
with the corresponding experimental waveforms. The result indicated that 
the best agreement between the ham sets of data was achieved when K1 was 
between 0.9 and 1.1, These K1 values yielded little differences in the 
simulation results. 
A similar comparison was performed at a P ~ G  frequency of 350 H z  to 
determine the effect of frequency on K1. Other operating conditions were 
similar to those for the 118 Hz case. The result of this comparison also 
showed that the best agreement between the test data and simulation results 
was obtained when K1 is  close to unity. 
In addition. the relationship of Kl to the amplitude of the IGV total- 
pressure variation was investigated. The amplitudes of the IGV total- 
pressure oscillation for both the 118 Hz and 350 H z  runs were increased to 
22.8Yq and 25.6% peak-to-peak about the mean pressure, respectively. The 
result of this investigation indicated that K1 is also independent of the 
amplitude of the inlet 'otal-pressure fluctuation. 
Therefore, it was concluded that the correction factor. K1 is a constant 
and i s  independent of the frequency and the amplitude of the planar inlet dis- 
tortion. The constant value of K1 was chosen to be unity since a small 
variation of K1 about unity resulted in little difference in the simulation 
results. 
After the correction factor, K1 was chosen, operation of the FlOl Fan/ 
P ~ G  was simulated at five different frequencies, i. e., 42, 80, 118, 220, and 
350 Hz, for the purpose of verifying the validity of employing the lift force in 
describing the aerodynamic behavior of compressor blades. Previously, the 
AEROSTAP program computed the blade force acting on the fluid from the 
blade tangential force and the drag force. The newly modified AEROSTAP 
utilizes the blade lift force and the drag force in computing the blade force. 

The validity of employing the new approach cannot be demonstrated easily 
through any theoretical deductions. Therefore, the validation was attempted 
through a comparative study of the experimental data with simulation results 
at the five frequencies previously listed. 
In Figures 16 through 20, the results of the simulation a r e  superposed 
on the experimental pressure waveforms at various locations in the test 
apparatus. The solid line represents the experimental data while the dotted 
line represents the simulation results. Examination of these figures 
indicates that the two sets  of data a r e  generally in  a good agreement with 
each other within computational and experimental errors .  Therefore, it was 
concluded that the use of the unsteady-blade-lift force in evaluat iy  *=.e blade 
force is a valid means of describing the aerodynamic behavior of a compres- 
sor blade. 
The remaining discrepancy between the experimental and theoretical 
waveforms may be attributable to the following computational factors. 
1) Model does not include the higher order harmonics of the 
P ~ G  that a r e  present in the test  data (amplitude and phase 
angle). 
2)  One-dimensional volume averaged model with a finite volume 
length (amplitude and phase angle). 
3) Model does not provide any dissipatory mechanisms such a s  
viscous dissipation and heat transfer for the pressure waves 
(amplitude). 
Further, the polarity of the last two channels for 220 Hz run, Figure 19, 
might have been inverted during the recording or  play back of the test data. 
The recording and play back were conducted with two different setups on 
different run days. 
Some of the results of the FlOl F ~ ~ I P ~ G  simulations a r e  presented 
graphically in Appendix B. 
Subsequent to the verification runs with the F l O l  F ~ ~ / P ~ G  geometry, 
the AEROSTAP program was run with the ~ 8 5 - 1 3 / ~ ~ ~  geomet: y to assess  
the munerical stability of the program with the new geometry. 
At the beginning of this study, the model encountered a numerical in- 
stability that originated from reverse flow in the bellmouth region. Initially, 
the axial velocity in the bellmouth inlet region is very small, and the static 
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Figure 'a. ~101 F - / ~ G  Simulation, 100% N/,JT, 35-0 
pressure is very close to the inlet total pressure, due to the extremely large 
flow area of this region. When the planar wave generated by the P ~ G  reaches 
this region, the flow reverses since the small kinetic head of the flow cannot 
overcome the pressure hill of the wave. Once the inlet velocity of a volume 
reverses, the density and the pressure of the volume decreases rapidly to 
satisfy the continuity relationship. This drop in pressure forces the velocity 
to the inlet of the adjacent downstream volume to reverse and subsequently, 
a similar process continues to the downstream volumes. Eventually, the 
reverse flow propagates down to the compressor and as a result, the compres- 
sor is "starved" and is thrown into an unstable operation that leads to the 
solution failure of the model. 
This type of instability, however, niay not occur in actual test ul less 
the amplihde of the planar wave propagated upstream to the bellmouth is 
unusually h'gh. If the area i s  too large for a given mass flow rate, the flow 
does not necessarily follow the contour of the bellmouth. Instead, an annular 
stagnation region exists near the solid wall and the air  flows only through the 
core region of the bellmouth. Thus, the kinetic head of the flow can be high 
enough to counter the pressure rise due to tbc P ~ G  oscillation. 
In order to approximate the actual flow at the bellmouth, the plenum 
volume and the first five volumes of the bellmouth were replaced by smaller 
constarat area volumes a s  described in the previous subsection. After this 
modification to the geometry, the digital model was free of the instability due 
to reverse flow. 
With the modified geometry of the ~ 8 5 -  1 3/p3c test aoparatus, the 
AEROSTAP program was run according to the model operation scheme 
established in the previous subsection. The model entered computation at  the 
steady-state operating point at Wc = 19.73 Kg!sec (43. 5 lb,/sec), see 
Figure 21. The total-pressure ratic at this point i s  7.61. After "settling" 
for I000 time steps, the P ~ G  frequency of 100 Hz was assigned to the model 
and then the amplitude of the P ~ G  area 09-illation was "ramped" until the 
IGV total-pressure variation reached approximately 1070 peak-to-peak about 
the mean total pressure. This ramping procedure is  denoted by the dotted 
line in Figure 21. When the ramping was :ompleted, the model was allowed 
to run steadily with a constant amplitude of the P ~ G  area fluctuation for 
10,000 time steps which a re  equivalent to 10 cycles of the ??O Hz oscillation. 
It was observed that the operating points of the 585 compressor formed a 
repetitive orbit of an ellipse, Figure 21, after three cyclea. This clearly 
demonstrated that the model can be brought to a stable operation according 
to the operating procedure given in Subsection 4.1.1. 

Subsequent to the program verification, the AEROSTAP program was 
run a t  eight different P% frequencies to investigate the time-dependent 
operation of the ~ 8 5 - 1 3 / ~ %  test installation and then, throttled at  four 
different frequencies to determine the instability points of the J85 compressor 
under the inlet planar distortions of various frequencies. The results of 
this ser ies  of investigations a r e  presented in the following two snbaections. 
4-1.3 Time-Dependent Analysis 
The time-dependent analysis of the ~ 8 5 - 1 3 / ~ %  test installation was 
performed at 100% compressor design speed a t  eight different frequencies. 
i. e., 100, 150, 200, 250, 300, 400, 600, and 850 Hz, The IGV total- 
pressure ~ r i a t i o n  was greater than 10% peak-to-peak about the mean total 
pressure for all the frequencies. Al l  the simulation runs were initiated 
from the steady-state operating point on the 100% speed line defined by the 
corrected mass £low rate of 19.75 Kg/sec (43.5 l b / s e c .  ). The settling, 
ramping of P ~ G  amplitude, and steady operation of the model were performed 
according to the model operation procedure outlined in Subsection 4, I. 1. 
The results of the analysis for the P ~ G  frequencies of 100, 250, and 
600 Hz a r e  summarized in Figures 22 through 30. Figures 22 through 27 
shcw pressure waveforms at varioos locations of the ~ 8 5 - 1 3 / ~ ~ ~  test 
installation. The locations a re  defined in Table 2. These figures also 
contain tke plots of the physical mass flow rate at the iGV and the overall 
pressure ratio across the compressor a s  a function of time. Figures 28 
through 30 show the blade lift force a s  a func:ion of time. Similar plots for 
other frequencies, namely 150, 200. 300, 400, and 850 Hz, a r e  presented ic 
Appendix C. 
An interesting observation i s  that the model operation i s  relatively un- 
stable for the frequencies ranging fro-m 200 tc 300 Hz. These frequencies 
are  close to the resonance frequency, approximately 230 Hz, of the duct 
beween the P ~ G  and the first rotor of the compressor. Therefore, it is 
believed, any small perturbations due to numerical inaccuracy amplify and 
cause a slightlv nonstationary operation of the model, When this type of 
nonstationary behavior occurs, the operating points of the compressor cannct 
attain a constant orbit such a s  the one depicted in Figure 21. Instead, the 
orbit shifts slightly as the average operating point fluctuates sinusoidally 
about a mean value. The frequency of this fluct.~ation could not be 
determined due to the insufficient amount of computed data. However, this 
type of oscillatory behavior is not severe enough to prohibit operation of 
the model. The simulation can be continued and run indefinitely without 
encountering a major shift of the orbit or  drifting into compressor instability. 
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The resonance behavior of the duct betw - :F the P ~ G  and the first  rotor 
i s  shown in Figure 31. In this figure, the amplitude of the IGV total-pressure 
oscillation is plotted an a function of the P ~ G  frequency The total-pressure 
loss and the amplitude of the p3G a rea  fluctuation a r c  d constant. Exami- 
nation of this figure reveals that while the same amplitude perturbations a r e  
introduced at  the p3G, the m h m u m  amplitude of the total-pressure 
oscillation occurs at  about 230 Hz. Thie frequency is commensurate wi+h the 
resonance frequency computed according to th2 formula for a closed-closed 
organ pipe. I t  should be noted that a rotor generates a substantial change in 
acoustic impedence and thus, can be treated as a closed end in an acoustic 
analysis. The P3G plane is choked at  all times. Therefore, the duct between 
the P ~ G  and the first  rotor can be treated essentially as a closed-closed 
system. 
After the completion of the time-dependent analysis, the model was 
throttled t3  the point of instability for the purpose of estimating the stability 
!;rnit of the compressor under planar inlet distortions. This study i s  des- 
cribed in the following subsection. 
4.1.4 Surge Line Xstimation 
The stability limits of t: c "Mehalic" configuration of the J85 compres- 
sor were obtained by throttling the model to instability (surge). The Eurge 
line estimatior? stu2, was conducted a t  100% corrected speed for five 
different frequencies, i. e., 100, 150, 200, 250, and 300 Hz. 
The instability point of the model was determined through obscrvations 
of the migration of the mean operating point. This migration charted on the 
steady-state compressor map was normally well behaved until the point of 
model instability was encountered. At the instabil: point, however, the 
average operating point departed abruptly from :hc ~ a t h  i t followed and 
wandered erratically until the solution failed. Once: the model reached the 
system stability lirnit, this errat ic  behavior cf the mean operating point was 
observed even i f  the throttling was terminated. Therefore, the instability 
point of the model was determined a s  the point : t which the average operating 
point abruptly departed from its path even in  the absence of throtrli3g. 
After the point of instability was defined, the system model was 
throttled to instability to inveetigate the effect of the P ~ G  frequency. Firs t ,  
the model was brought to steady operation through settling and ramping after 
i t  eatered computation at  Wc = 19.79 Kg /sec (43.5 lb,/sec). The amplitude 
of the P ~ G  area oscillation was 107' peak-to-peak for all frequencies. The 
total-presrure losr across  the P ~ G  was set a t  45% of the inlet total pressure. 
The loss i e  commensurate with  the actual total-pressure loss across  the 
p3Ci determined experimentally by NASA. After the mod ?l was allowed to 

run for approximately 10 to 20 lycles of &e planar wave, the model was 
throttled for a period of 2 cycles. Then, the model was run for 4 cycles and 
observed for occurrence of instability. If the model was stable, it was 
throttled again for 2 cycles and then, observed for 4 cycles. This process 
was repeated until the point of model instability was observed. The throttling 
was conducted at a rate abw enough to assare a quasi steady-state throttling 
process: the exit £low functi~n was reduced a t  the rate of 0.00005 TR -ft) 
or less. 
The result, o: the stability analyses a re  presented graphically in 
Figures 32 thr0uq.i 36. These figures show the instability point, as  well as 
the locii of the mean operating point for ramping and throttling. Ernmination 
of these figures reveal that the locus of the average operating point deviatea 
further from the steady-state speed line at P ~ G  :requendes that are close to 
the resonance frequency of the P~G-to-first compressor rotor system. It is 
believed that the larger deviation is due to the large amplitude of the planar 
wave induced by the resonance of the duct (see =gure 31). 
The loss in the surge pressure ratio is also greater at these frequen- 
cies. This i s  illustrated clearly in Figures 37 and 38. These figures present 
the distortion sensitivity as  a function of the P ~ G  frequency and the nor- 
malized frequency, p, defined as  
f* = frequency of P ~ G  
resonance frequency of ~ 3 ~ - t o - f i r s t  rotor system 
The distortion sensitivity i s  defined by the following relationship 
where APBS and Ft represent the loss of surge pressure ratio and the 
average total pressure, respectively. Figures 37 and 38 show that the distor- 
tion sensitivity is maximum at ap~roximately fp3G = 230 Hz or f* = 1. 
4.2 FR EQUEXCY RZSPONSE ANALYSIS 
The frequency response characteristics of the ~ 8 5 - 1 3 1 ~ ~ ~  teor 
installation were investigated using the Digital Surge Prediction (DSP) pro- 
gram described previously. Tine model geometry employed in this linearized 
analysis was essentially the same as  the one used in the time-dependent 
analysis. However, the geometry was broken into two parts, i. e., 
bellmouth-to-P~G and P~G-to-combustor exit. The frequency response 
analys's was performed separately for the two sections. Further, the 
number of volumes were .educed to 28 and 31 for the sections ahead and aft 







of the P ~ G ,  respectively (59 total); whereas 79 volumes were w e d  to describe 
the entire system in the time-dependent analysis. These modifications to the 
geometry were necessary because of the limited memory capacity of the 
available computer and exponential overflow and underflow in  evaluatiqg the 
characteristic equation of a large size matrix. 
For  the section ahead of the P ~ G ,  the analysis was conducted for the 
frequencies ranging from 10 to 600 Hz. The average leugth of the volumes 
describing this section was 4 inches. Therefore, 600 Hz was the maximum 
frequency a t  which the model can be expected to yield reasonably accurate 
response characteristics. The frequency range for the region aft of the P ~ G  
was from 10 to 1000 Hz. 
The boundary conditions for the bellmouth-to-p3~ system were: 1) 
Constant total pressure and total temperature a t  the bellmouth, and 2) 
Oscillating flow function at  the P ~ G .  In an actual engine test, the entire 
test setup or  the bellmouth is placed in a large plenum. Usually, the 
total pressure and total temperature of the plenum a r e  not affected by the 
operation of the engine. Therefore, the constant total-property condition was 
employed a s  the inlet boundary conditions. The P ~ G  is considered a s  a device 
that primarily oscillates the mass flow rate. However, the DSP prodram 
does not allow fluctuating the exit flow. Thus, an approximation of the 
actual boundary c*)ndition, i. e. oscillating flow function, was intrbduced a t  
the exit. The frequency analysis based upon this approximate exit boundary 
condition may yield amplitudes and phase angles which differ from the actual 
values, whereas, i t  should give correct resonance frequency and locations of 
nodal points. Consequently, the results of the frequency analysis for the 
section ahead of the P ~ G  should be used only in studying the frequency 
response trend. 
The baundary conditions for the p3G-to-combustor exit system were: 
1) Oscillating flow at the P ~ G ,  and 2)  Constant flow function at  the combustor 
exit. As stated previously, the p3G oscillates the mass flow rate. There- 
fore, oscillating tlow was introduced a s  the inlet boundary condition. During 
the actual operation of a gas turbine engine, the turbine diaphragm is choked 
due to high pressure and high temperature of the combustor gas. This 
choked condition was sirriulated by assigning the constant flow function to the 
combustor exit plane. These two boundary conditions correctly describe the 
actual physical conditions a t  the respective planes. Therefore, the resultant 
frequency analysis for the section aft of the P ~ G  will be exact \t?;hin the 
accaracy of computation. 
Pr ior  to performing the analysis at various frequencies, the frequency 
response characteristics for the section aft of the P ~ G  at 100 Hz were 
compared with those obtained from the time-dependent analysis to verify the 
validity of the DSP program. The time-dependent analysis was performed 
with less &-.n 0.5% IGV total-pressure variation about the mean value to 
approximate the small perturbation condition of the linearized analysis. The 
comparison shows that the static pressure response in the duct between the 
p3G and the IGV of the compressbr computed by the two different methods 
agrees well in  amplitude, Figure 39, as well a s  in phase angle, Figure 40. 
The amplitudes calculated by the DSP program differ from those obtained by 
the time-dependent analysis by less  than 10% a t  al l  locations. The phase 
angles show a closer agreement. Therefore, it is concluded that the 
linearized analysis technique can be employed success fully in evaluating the 
resonance frequency, nodal points, etc. of a compression system such a s  
the ~ 8 5 - 1 3 1 ~ 3 ~ .  
X similar comparison and the resultant excellent agreement between 
the linearized analysis and the time-dependent analysis in evaluating the 
frequency response characteristics of the J85-13 engine a r e  presented in 
Reference 4. Therefore, they a r e  not discussed here. 
Subsequently, the frequency response analysis for the two sections 
were performed at the frequencies stated previously. Some of the results 
a r e  summarized in Figures 41 through 48. The remaining results a re  
presented in Appendix D. The results show that the dominant resonance 
frequency of the P?G-to-combustor exit system is approximately 230 Hz, 
Figure 41. This value is equivalent to the resonance frequency of the duct 
between the P ~ G  and the f i rs t  rotor of the compressor evaluated according 
to the closed-closed formula for organ pipes. Figure 42 shows that the 
bellmouth-to-p3G system has pressure response peaks at about 31, 90, 150, 
210, 250, and 280 Hz. Note that 31 Hz is the fundamental resonance frequency 
of the bellmouth-to-p3G system and 90, 150, 210, and 280 Hz a r e  approxi- 
mately equal to the odd harmonics of the open-closed system. It is believed 
that 250 Hz is associated with another open-cloaad system within the 
bellmouth-to-p3G section. This subsystem is defined by the geometry 
between the second strut and the p3G, see Figures 1 and 10. 
Figures 43 through 48 resent the results of the nodal analysis for the S two sections of the J85-13 /P G test installation at different frequencies. 
4.3 VERIFICATION STUDY OF THE EXPLICIT ANALYTICAL SURGE 
CRITERIA 
The analytical surge criteria derived in Subsection 3.5 were tested 
with the "Moss1' and "Mehalic" configurations of the J85 engine. The criteria 
yielded instability points slightly beyond the experimental surge line for both 
engines a t  100% speed. However, these criteria were ineffective at low 
speeds for both configurations of the engine. It is believed that the 
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ineffectiveness of the criteria a t  low speeds is mostly due to the inadequate 
boundary condition employed a t  the rotor exit. it was assumed that the flow 
function a t  each rotor exit is constant. This assumption is adequate at 100% 
spc 1 since the corrected flow rate does not change significantly along the 
speed line; thus, the relative Mach number of flow a t  the exit of each rotor 
is almost constant. However, this boundary condition is inappropriate a t  
low speeds since the corrected flow rate  and consequently, the relative Mach 
number changes significantly a s  the operating point migrates along a speed 
line. 
Figure 49 presents the instability point of the "Moss11 engine at 100% 
speed a s  computed by the explicit analytical stability criteria along with the 
stability limits determined by other methods. Figure 50 i s  a similar plot for 
the "Mehalic" engine. The occurrence of the instability was indicated by the 
second inequality, Equation 76, of the criteria; the first criterion, Equation 
75, was satisfied even when the second criterion indicated an instability. The 
second criterion contains the slopes of the blade characteristics, a', 8 and 
Bc, see Appendix A. It is believed that these slopes play an important role 
in the stability of the compressor and thus, the instability was indicated more 
readily by the second inequality. For  both engines, the instability occurred 
a t  the first rotor only. 
A critique of the explicit analytical stability criteria is presented 
through a discussion of the three major assumptions employed in their 
derivation. These assumptions are: 
1) The flow i s  homentropic. 
2 )  At each rotor exit, the flow function i s  constant, and 
3) The stability of the entire compressor can be determined by 
examining the stability of individual rotors. 
The first assumption was introduced to simplify the derivation and thus, 
the resultant criteria. This condition allows one to write Equatioo 69, 
Subsection 3.5, a s  a 2 x 2 matrix instead of a 3 x 3 matrix since the energy 
equation vanishes. Also, the characteristic equation, Equation 74, is 
reduced to a quadratic equation from a cubic equation. Consequently, 
derivation of the criteria becomes simpler. It was assumed that the vari- 
ation of the entropy has an insignificant influence on the compressor in- 
stability. However, it is d e a r  that the exclusion of the entropy a s  a para- 
meter does not allow the criteria to detect any instabilities that may be 
indicated by the violation of the second law of the thermodynamics. 
Introduction of the second assumption a s  a boundary condition was die- 
cussed before. It was stated that this assumption is quite valid at  high 
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speed; however, i t  is not nearly so valid at low speed. The inadequacy of 
this boundary condition at low speeds is demonstrated clearly by the fact that 
no instability point was predicted by the criteria at these speeds. 
The third assumption was introduced also to simplify the explicit cri- 
teria. If the criteria a re  applied to the entire compressor, the character- 
istic equation of a large size matrix should be evaluated and consequently, 
derivaticn of explicit stability criteria will be e e r n e l y  difficult, i f  not 
impossible. The stability criteria for each rotor volume, however, cannot 
account for the interaction of the instability of other rotor volumes with that 
of the rotor volume under consideration. 
The feasibility of employing explicit analytical stability criteria to 
predict the instability was demonstrated. This was accomplished by obtain- 
ing the instability points of two different configurations of the J85 engine at  
100% speed that agree well with the experimentally determined stabi:ity 
limits. However, i t  i s  believed that a further investigation, and ensling 
improvements, of the analytical stability criteria i s  necessary to obtain more 
reliable stability predictions at all operating conditions of a compressor. 
This investigation should include: 1) Introduction of the energy equation in 
the form of entropy change into the derivation of the criteria to account for 
the possible violatim of the second law of the thermodynamics at  the insta- 
bility limits, and 2)  Development or' boundary conditions or other techniques 
that allow for a stronger interaction of compressor stages in evaluating 
stability. In addition, i t  is desirable to explore the possibility of obtaining 
stability criteria through a completely new approach such as  a parametric 
study that relates the occurrence of instability to the geometric and aero- 
dynamic parameters of a compressor. 
5.0  CONCLUSIONS AND RECOMMENDATIONS 
The main objective of this program was to develop a computer simu- 
lation program that is capable of modelling the operation of the 585-13 
Planar Pressure Pulse Generator teet installation. This task was accom- 
plished successfully by modifying an existing computer program that was 
developed to simulate a test installation, called the FlOl F ~ ~ I P ~ G ,  similar 
to the 5 8 5 - 1 3 1 ~ 3 ~ .  This conclusion is supported by the following specific 
a ,compliehments: 
1) An expression for the unsteady-lift force was developed and added 
to the existing program to improve the modelling of the unsteady 
aerodynamic behavior of compressor blades, 
2) The modified program was validated through a comparison of the 
simulation results with the experimental data obtained during the 
F l O l  F ~ ~ I P ~ G  test, 
3) The simulation program was utilized successfully in modelling 
operating point excursions of the 585-13 eagine about a stationary 
mean operating point. The model was stable over a wide range of 
3 P G frequencies and amplitudes, and 
4) The 585-13 engine was then throttled to the stability limits and the 
planar wave distortion sensitivity of the engine was determined at 
3 various P G frequencies. The instability points were identified by 
a consistent pattern of the model behavior, i. e., a rapid departure 
of the mean operating point from a well-behaved path. 
As supported by the items listed in the preceding paragraph, the 
585- 13 / P ~ G  simulation program was developed successfully and its validity 
was verified. However, due to lack of proper interstage and over-the-rotor 
test data, the validation of using the unsteady-lift force for the description 
of the unsteady aerodynamic behavior of compressor blades was indirect, 
i. e., through a comparison of the analytical and experimental pressure 
waveforms in the ducts ahead and aft of the FlOl fan. Therefore, it i s  
recommended that these types of test data be taken during the future 
585- 13 / P ~ G  test and be utilized for the direct validation of the simulation 
technique. Such experimental data will be useful also in refining the expres- 
sion for the unsteady-blade-lift force as well as  in evaluating the constants 
contained in the expression. 
The frequency response characteristics of the 585- 1 3 / p 3 ~  test 
apparatus were determined in support of selecting instrumentation locations. 
The fundamental ::esonance frequencies of two sub~ystems of the test instal- 
lation, i, e., bellmouth-to-p3C and p3C-to-eornbustor exit, were identified. 
The nodal analyses of the two subsystems were performed as  well. 
In addition, the feasibility of employing a set of explicit analytical 
criteria in evaluating the stability of an axial compressor was investigated. 
These criteria successfully yielded the instability points for two different 
configurations, "Moss" and "Mehalic", of the J85-13 compressor at 100% 
speed. However, they were ineffective at lower speeds, It i s  believed that 
this was mainly due to the boundary conditions whose validity was weakened 
at lower speeds. The following items a re  recommended to improve the 
explicit analytical stability criteria. 
1) Development of new boundary conditions that describe the ac'ual 
aerodynamics more accurately at low speeds, 
2) Development of a new technique that permits a proper coupling of 
stages in determining the instability, 
3) Addition of entropy as  a parameter to acconnt for the possible 
violation of the second law of thermodynamics of instability 
points, and 
4) Feasibility study of alternative approaches for the derivation of the 
stability criteria. One of such approaches is a parametric study 
that relates the occurrence of instability to the geometric and 
aerodynamic characteristics of a compressor. This approach may 
yield an independent set of criteria as  well a s  serve as a means of 
enhancing and simplifying the existing criteria. 
APPENDIX A 
Derivation of E,pEcit Analytical Surge Criteria 
In this appendix, the relationships used in  the explicit analytical 
criteria (see Sub-section 3 .4 )  are derived. 
The governing equations for the hornentropic flow of a compressible 
fluid through a conlpression system are given in volume-averaged form as,  
3- 2 P 
- -[ W 2  + Ae ( P I  - P,) + l? 
C 2 1 (A-2) L !3cPl*l gcPZA2 
where 
For this nonlinear system, the stability criteria are given as 
where the partial derivatives are 
The partial derivatives in the right-hand side of Equations A-7 through 10 
are derived below. 
The relation between pressure and density for an isentropic process 
of a perfect gas i s  
Y P = C P l  (A- 11) 1 
where C is a constant. Thus, the partial derivative. >can be written 
a s  d* 
dW1 Derivation of -
d P ,  
(A- 12) 
The mass flow rate. W1. can be expressed in t e rms  of density and 
velocity as 
W 1 =  P A C  1 1 21 (A- 13) 
where A is the a r e a  and C is the axial velocity. 1 z 1 
Figure A-1. Rotor Inlet Velocity Diagram. 
Substitution of the relationship. C , ,  = C cosal.  Figure A-1, into Equation 
- A-1 3 gives 1 
1 = P A C cosa  1 1 1  1 1 (A- 14) 
Coso in Equation A-14 i s  independent of the density. p Therefore, the 1 1- partial derivative of W with respect top  becomes 1 1 
dln C 
1 
The absoiute veiocity, C in Equation A-14 can be expressed a s  1 
and thus 
(A- 15)  
(A- 17) 
For an isentropic flow, the density ratio is 
2 Thus, the derivative d ln  MI I d 5  b e c o w s  
Substitution of Quation A-19 and the isentropic relation 
into Equation A-17 yields 
Subsequent introduction of this relationship into Equation A- 1 5  gives 
d p 2  Derivation of -
dW, 
The boundary condition at the exit of a rotor volume i s  given a s  
where C i s  a constant. 
103 
Substitution of the isentropic relations 
into Equation A-23 and rearrangement yields 
Therefore, the partial derivative becomes 
L Derivation of -
dW, 
Equation A-26 can be rewritten, with the aid of the relation given by 
Equation A-21, a s  
Therefore. the partial derivation of P with respect to W i s  2 2 
d Fz 
Derivation of - 
dW, 
The blade force. F,, can be expressed in terms of the tangential 
force, FT. and axial component of the drag force, FDz, as 
(A- 30) 
where the correecd-lift-direction angle, a. and the drag force. FEZ, 
a r e  not a function of the exit independent variable, W2. Therefore, 
the partial differentiation of Fs with reapect to W2 yields 
From Euler's Turbine Equation. the tangential force is obtained a s  
where r and r a re  the pitch-line radii at the inlet and exit of a rotor. 1 
respectively. Z 
Figure A-2. Rotor Exit Velocity Diagram. 
Introduction of the angular relationship, depicted in Figure A-2. 
enables one to rewrite Equation A-32 a s  
- 2 W r  1 2 2 
=-[ r2w2U2 - P2A2 (A- 34) = g c  
The third term in  the right -hand side of Equation A- 34 is independent of W 2' Further. the relative exit a i r  angle. 82. and the pitch-line blade s p e d .  W2. 
a re  also independent of W Therefore, the partial derivative. dF#W2 
becomes 2' 
Substitution of this relationship transforms Equation A-31 into 
d F  
z Derivation of -
d p ,  
All the quantities in the right-hand side of Equation A-30 a r e  a function 
of the density. PI. Therefore. 
d F  
-- 
a F~ 
= -- 
dtan fl- 
tan 8, + F - d F ~  z 
a!' 1 T dP, 
Derivation of the partial derivatives in Equation A-37 is lengthy and 
tedious. Therefore, only the results a re  presented here. 
OFT 1 + tan 
- -  - r u m  
'4 
d p  1 (1 + tanSltanpl) 2 
- - 
2 1 + tan B; 2 
* 2 - p 1  rl(Ml - 2 )  tanal  I (A- 38) (1 - t a ~ 4  tan81 
2 * 
2 1 + tan o2 r l rn,cos 1 3 ~  
- LT (1  - tan% tans) c 
,2 M i  
where FK = - 
M! 
2 M 1  +-+-I 4 40 
2 
F~ 
= Coa f l  + Sin  S1 Cost3 tan a, 1 1 
d F ~  
I 
Y d ln  FM d l n  Prl d l n o  
- + - +  - 
-= FK( d p l  d p l  d P 1  d p  1 
I 
d l n  GI 
= m,' 
d p l  
* 
dln  FM 
d~ 1 
d u' 
m$ = d tan i 
- d tan6 
m6 ' dtani 
d tan& 
m8c = dtani 
(A- SO) 
(A- 51) 
The slopes. m,'. ma and r n ~  of the blade characteristics are evaluated 
cm from the polynomial representatives of the loss coefficient, a', the deviation 
angle, tan 6, and the lift-direction correction angle, tanPC. These poly- 
nomials as a function of tan i are discussed in Section 3.2. 
APPENDIX B 
Results of FlOl F ~ ~ / P ~ G  Simulation 
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APPENDM C 
R e s u l t s  of ~ 8 5 - 1 3 1 ~ ~ ~  Simulation 
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